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ABSTRACT
We present a way of searching for non-transiting exoplanets with dusty tails. In the
transiting case, the extinction by dust during the transit removes more light from
the beam than is scattered into it. Thus, the forward scattering component of the
light is best seen either just prior to ingress, or just after egress, but with reduced
amplitude over the larger peak that is obscured by the transit. This picture suggests
that it should be equally productive to search for positive-going peaks in the flux from
non-transiting exoplanets with dusty tails. We discuss what amplitudes are expected
for different orbital inclination angles. The signature of such objects should be distinct
from normal transits, starspots, and most - but not all - types of stellar pulsations.
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1 INTRODUCTION
At the present time, there are three exoplanets which show
fairly compelling evidence for emitting dusty effluents. These
are KIC 12557548b (hereafter ‘KIC 1255b’; Rappaport et
al. 2012); KIC 8639908 (KOI 2700b; Rappaport et al. 2014);
and K2-22b (EPIC 201637175; Sanchis-Ojeda et al. 2015).
The primary evidence for dusty tails being responsible for
the transits includes: (1) highly and erratically variable tran-
sit depths (KIC 1255b and K2-22b); (2) a post transit de-
pression in the flux (KIC 1255b and KOI 2700b); and (3)
small positive bumps in the light curves just prior to ingress
(KIC 1255b) or just after egress (K2-22b) that have been
attributed to forward scattering when the bulk of the dust
tail is off the disk of the host star.
These three exoplanet candidates have ultrashort or-
bital periods, Porb, i.e., shorter than 24 hours, e.g., 9.15 hr
for K2-22b; 15.7 hr for KIC 1255b; and 22.1 hr for KOI
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2700b. From a variety of arguments, they are taken to be
small rocky planets with very low surface gravities, perhaps
equal to that of Mercury or even lunar gravity (Rappaport
et al. 2012; Perez-Becker & Chiang 2013). The best expla-
nation thus far to explain the loss of planetary mass in the
form of dust is via a Parker-type wind of heavy metal vapors
that condense into dust once the material has escaped the
planet’s gravity (Perez-Becker & Chiang 2013).
If the interpretation of the pre-transit “bump” in the
light curve of KIC 1255b (Rappaport et al. 2012; Brogi et
al. 2012; Budaj 2013; van Werkhoven et al. 2014) and the
post-transit “bump” in K2-22b (Sanchis-Ojeda 2015) as for-
ward scattering from the dust tails is correct, then it follows
that the highest amplitude portion of the forward scattering
peak is obscured by the transit part of the light curve where
extinction trumps forward scattering. This raises the intrigu-
ing possibility that non-transiting exoplanets with dusty
tails might have a distinct and detectable signature via this
same forward scattering peak. In this work we explore this
possibility in some detail. We show that such a signature of
dusty-tailed planets should be detectable with Kepler, K2,
and TESS quality photometry (Borucki et al. 2010; Batalha
et al. 2011; Howell et al. 2014; Ricker et al. 2014).
The possibility of detecting non-transiting gas giant
c© 2016 The Authors
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planets via reprocessing of stellar radiation from their at-
mospheres was discussed by Seager et al. (2000) and Jenk-
ins & Doyle (2003). This work differs in that (i) very small
(sub-Earth) non-transiting rocky planets may be detected
in contrast to gas giants; (ii) it probes the dust emitted by
the surface layers of the rocky planets, as opposed to the
atmospheres of giant planets; and (iii) the forward scatter-
ing would be maximum at orbital phase 0◦ as opposed to
a maximum in the phase curve at 180◦ in the case of gas
giants.
This work is organized as follows. In Sect. 2 we describe
the basic model and its geometry. The effective scattering
function, which is a convolution over the stellar disk of the
stellar emittance with the phase function of the scattering
dust particles, is computed in Sect. 2.1 and Appendix A. The
expected signals from forward scattering by dust tails in non-
transiting planets is discussed in Sect. 2.3, and simulated
light curves as a function of the orbital inclination angle are
presented. Sect. 3 demonstrates how such signals could be
readily detected with Fourier transforms. The detectability
of such planet dust tails in non-transiting geometries with
various past, present, and future missions is discussed in
Sect. 4. Finally, we conclude by suggesting why this idea
may be important and what we can infer about the dust in
the tails of non-transiting planets.
2 THE FORWARD SCATTERING MODEL
The basic idea of the model is as follows. We assume there
is a localized dust cloud near the planet which, during a
transit, scatters some starlight out of the beam that was
initially heading in the Earth’s direction, but also scatters
some starlight, not initially directed toward the Earth, into
the observer’s line of sight. Some of the basic geometry of
this scattering is shown in Fig. 1. The top part of the figure
simply illustrates how some of the photons initially heading
toward the Earth are scattered out of the beam, whereas
others are scattered into the line of sight.
As we will show, for the case of an equatorial transit the
attenuation of the stellar flux always exceeds the forward
scattering component, though in some cases perhaps only
by a factor of a few.
We illustrate in Fig. 2 an example of the relative con-
tributions of the dust extinction vs. the forward scattering
enhancement for the case of the dusty-tailed planet K 22-b
(Sanchis-Ojeda et al. 2015). The green curve is the model
extinction curve as the dust cloud crosses the stelar disk,
as compared to the blue curve which is the forward scat-
tering contribution component of the model. The red curve,
showing the net model transit profile, exhibits positive-going
features only near the beginning and end of the transit1. If
there were no direct passage of the dust cloud over the stellar
disk, only the forward scattering part, albeit with reduced
amplitude, would remain. It is this forward scattering com-
ponent which we examine in detail in the remainder of this
work.
1 The positive displacement in the centroid of the forward scat-
tering peak is due to the assumption that K2-22b has a leading
dust tail rather than a trailing one (see Sanchis-Ojeda et al. 2015
for details).
Figure 1. Schematic dust-cloud scattering diagrams. The top
sketch shows light from the host star (blue rays) initially headed
in the direction of the observer but impinging on the scattering
cloud; any rays that are scattered miss the observer. Other light
rays (red) that are originally heading in directions other than the
observer can impinge on the dust cloud, and some of these will
scatter into the line of sight. The former effect always removes
more light from the beam at the Earth, than is scattered back
into the beam. The ratio of the two effects at midtransit is given
by Eqn. (3). The bottom sketch defines the net effective beaming
angle, Θ, for the radiation leaving the cloud. It is a convolution
of the angular distribution of starlight from the extended stel-
lar surface and the scattering phase function, P (θ), of the dust
particles (see Appendix A).
2.1 The Scattering Profile
The bottom panel in Fig. 1 defines the basic geometry of
the model that we will utilize. The basic assumption used in
this work is that the dust scattering cloud is spherical and
small compared to the size of the host star. If the dust cloud
is substantially elongated, then the results presented here
need to be convolved with the density profile of the dust
tail. However, at least for the three cases of dust-emitting
planets we know of, the tail length is not significantly longer
than the size of the host star2. In any case, our results are
not substantially affected by the simplification of a small
scattering cloud size, while the essence of the proposed idea
should be considerably clarified.
Under the above assumptions, an effective scattering
pattern, P(Θ), can be defined as a convolution of the emis-
sion from the host star with the combined scattering phase
function of all the different particles in the dust cloud, P (θ).
In general, we expect the dust cloud to be comprised of a
range of particle sizes, possibly described by a power-law or
log-normal size distribution. For simplicity in this work, we
consider only particles of a single size, but the results can
be readily extended to any specific particle size distribution.
We also take the particles to be spherical with radius, a. The
angle Θ is defined as the angle between the line connecting
the star and dust cloud, and the direction of the outgoing
2 See Table 6 in Sanchis-Ojeda et al. 2015 where the character-
istic lengths of the dust tails in KIC 1255b and K2-22b are listed
as ∼0.9 and . 0.5 times the host-star radius, respectively.
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Figure 2. Schematic of extinction of starlight vs. the forward
scattering of light into the beam. The blue forward scattering
peak is what an observer would see in the absence of a transit,
as long as the orbital inclination angle is not too small. Adapted
from the model fit to the transit in K2-22b.
scattered radiation (see Fig. 1). It is important to note that
this geometry is independent of the observer’s viewing angle.
We use the definition of the effective phase function
given in Appendix A (Eqns. A12 and A13) to compute
P(Θ). Ideally, we should model the dust scattering with Mie
scattering formalism. However, we have found that the Mie
phase functions are modestly sensitive to the wavelength-
dependent real and imaginary parts of the index of refrac-
tion. Therefore, to first introduce what the effective phase
functions look like, and their progression with particle size,
we illustrate the integrals of Eqns. A12 and A13 using sim-
ple Airy functions in lieu of Mie scattering. We return in
Appendix A to show what these effective phase functions
look like using Mie scattering. Previous work by two of the
authors (DeVore et al. 2013) showed the benefits of modeling
forward scattering using Airy diffraction, which is indepen-
dent of the index of refraction. The simple Airy pattern we
use is given by:
P (θ) =
1
pi
[
J1(2pia sin θ/λ)
sin θ
]2
sr−1 (1)
This is normalized to unity (to within 1.5%) when integrated
over solid angles in the forward hemisphere, as long as the ra-
tio a/λ & 0.3 where λ is the observing wavelength. We find
that this replicates the most important properties of Mie
scattering. One caveat is that the Airy profile is not defined
for scattering angles & 90◦, so this eliminates any discussion
of backscattered radiation. However, our Mie scattering cal-
culations (see Appendix A) have informed us that this is not
an important consideration for this problem (as long as the
particles are relatively large, a & 0.3λ).
An illustrative set of the net effective scattering profiles,
P(Θ), is shown in Fig. 3 for different particle sizes. We took
as a representative angular extent of the star, θs = 18
◦,
which corresponds to a scaled stellar radius of d/Rs = 3.3
where d is the orbital radius of the planet and Rs is the
radius of the host star. Note that θs is both the half angle
of the transit time of a point source, and the angular extent
of the star as seen from the vantage point of the planet.
An inspection of Fig. 3 shows how P(Θ) goes from trac-
ing the stellar disk radiation profile for large particles that
have a narrow phase function, P (θ), to very broad P(Θ) for
small particles whose phase function is substantially broader
than θs. For a derivation of how P(Θ) is calculated, as well
as what the effective phase functions look like when P(Θ) is
computed with Mie scattering, see Appendix A.
In order to get a feel for the characteristic angular size
of the forward scattering peak of an individual dust grain,
we note that for large grains, the shape of the scattering
peak obtained from detailed Mie calculations is not very
different from the Airy pattern of a circular aperture whose
radius is a (see DeVore et al. 2013; Appendix A). Thus, the
characteristic (half) angle of the forward scattering is, to a
good approximation, given by
θscat ≈ 0.61λ
a
' 20
◦
aµm
(2)
for visible radiation. The angle given by Eqn. (2) typically
encircles 90% of the power in the Airy pattern. If we require
90% encircled energy for all λ and a relevant to the problem,
then θscatt could be off by as much as 25% by using Eqn. (2).
2.2 Competition Between Forward Scattering and
Extinction
At the midpoint of an equatorial transit, the ratio of forward
scattering to extinction by the dust is given by
Scattering Amplitude
Transit Depth
' pi $τe
−τ
(1− e−τ )
(
Rs
d
)2
P(0) (3)
(see Appendix A), where τ is the optical depth of the scat-
tering cloud (taken to be a sphere of uniform opacity every-
where), and $ is the single scattering albedo (the ratio of
the scattering to the extinction cross section). We have cho-
sen to normalize both P (θ) and P(Θ) over all solid angles
to unity (rather than the conventional normalization of the
scattering phase function, P (θ) to 4pi).
2.3 Signal From a Non-Transiting Planet
Figure 4 shows the projections of several circular orbits for a
range of orbital inclination angles from i = 40◦ to 88◦. The
central star has a value of d/Rs = 3.3. For i . 73◦ there will
be no transits of the planet across the disk of the host star,
and any signal from such a planet would likely come from
forward scattering that peaks near orbital phase zero.
If we know the angular distribution, P(Θ), from the
combined finite angular size of the star, as viewed at the
planet, with the dust scattering phase function, then we can
compute the brightness of the scattered radiation at any
point in an arbitrarily inclined orbit. We take the orbital
phase to be φ ≡ ωt, where φ = 0 is defined as the phase
where the planet is closest to the observer (mid-transit in the
case where there are transits). With this simple geometric
setup, the angle Θ where the observer samples the scattered
radiation is given by:
Θ = cos−1[cosφ sin i] (4)
MNRAS 000, 1–9 (2016)
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Figure 3. The effective scattering phase function, P(Θ), i.e.,
the convolution of the angular distribution of starlight from the
extended stellar surface and the scattering phase function P (θ),
for a range of different grain sizes (see Appendix A for details).
The top panel is for a Lambertian stellar surface brightness, while
the bottom panel includes limb darkening for a typical K star.
The color coding represents the grain size in microns, as given in
the legend. The assumed observing wavelength is 0.55 µm. The
reference angle to which the horizontal axis is scaled is the angular
size of the star as viewed from the vantage point of the planet.
If we also know the effective scattering function of the
star and dust tail, then we can directly compute the inten-
sity, F , of the dust scattering as a function of the orbital
phase:
F(φ) ' pi $τe
−τ
(1− e−τ )
(
Rs
d
)2
P(cos−1[cosφ sin i]) (5)
(see Appendix A). We use this expression to generate some
illustrative light curves for forward scattering, by non-
transiting dust emitting planets.
Examples of sequences of forward scattering peaks
based on Eqn. (5) are shown in Fig. 5. The simulated forward
scattering peaks are shown for five orbital cycles, and, given
the likely short orbital periods for these systems, this plot
might represent a few days of the lightcurve. The simulated
lightcurves are shown for four different orbital inclination
angles, and one can see how dramatically the amplitudes of
the forward scattering peaks diminish for decreasing inclina-
tion angles. This is due to the fact that most of the forward
scattering pattern misses the Earth for low orbital inclina-
Figure 4. Illustrative set of circular orbits as seen by a distant
observer for 6 different orbital inclination angles. The host star
is taken to have d/Rs in this schematic of 3.3. Planets orbiting
with i > 72◦ will exhibit transits of the host star. In those cases
there will be transits with possible forward scattering peaks either
before or after the transit (as are seen in KIC 1255b and K2-22b).
For cases with smaller inclination angles, i < 72◦ the planet will
not transit the host star, and only a forward-scattering peak will
be present.
tion angles. The dust particle size adopted for this particular
simulation was a = 0.3µm.
If we look at the absolute magnitudes of the simulated
forward scattering peaks in Fig. 5, they range from 300 ppm
at i = 70◦ to 65 ppm at i = 40◦. If we adopt a lower limit of
∼100 ppm for the robust detectability of most Kepler tar-
gets with short orbital periods, then the range of inclination
angles where the forward scattering peaks can be detected
is in this relatively narrow range of 45◦ . i . 70◦. The in-
teresting bottom line is that there is nearly the same solid
angle for transiting systems as there is for potentially de-
tectable non-transiting planets, e.g., with i between 45◦ and
70◦ (see Sect. 2.3.1).
2.3.1 Numbers of Transiting vs. Non-Transiting Systems
Here we estimate the ratio of non-transiting systems that
might be discovered via their forward scattering peaks to
transiting systems with dusty tails which would be primar-
ily detected via the extinction of starlight. We compute
the ratio, R, of weighted solid angles between close-in non-
transiting systems with dust tails in orbits with 0◦ < i . icrit
and close-in transiting systems with icrit . i . 90◦, where
icrit is the critical orbital inclination angle for the occurrence
of transits. This ratio can be expressed as:
R '
∫ icrit
0◦ w(i) sin i di∫ 90◦
icrit
sin i di
(6)
MNRAS 000, 1–9 (2016)
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where w(i) is the weighting factor as a function of i that
takes into account the efficacy of forward scattering by the
dust particles to significantly overlap our line of sight. The
critical inclination angle for a transit is icrit = cos
−1(Rs/d).
If we take some representative weighting factor, 〈w〉, to be a
constant over the angular range 45◦ to icrit and zero below
45◦, then the integral is analytic and leads to a simple result:
R ' 〈w〉
[
d√
2Rs
− 1
]
. (7)
For illustrative values of 〈w〉 = 1, and d/Rs ranging from 3
to 6, the values of R range from 1.2 to 3.2.
The implication of all this is that there may be a com-
parable number of dusty-tailed planets that can potentially
be detected via forward scattering only as there are via their
transits. Of course, the exact ratio depends on the details of
the angular structure of the forward scattered radiation and
the search algorithms that are used to find such systems. We
discuss these effects in the subsequent sections.
3 DETECTION OF NON-TRANSITING
DUSTY PLANETS
3.1 Fourier transforms
In Figure 6 we show the Fourier transform for the idealized
forward scattering signal depicted in Fig. 5 for i = 70◦. If
the expected forward-scattering peaks are sufficiently nar-
row (i.e., with respect to an orbital cycle), then the FT
should exhibit a number of detectable harmonics – as are
seen in Fig. 6.
To demonstrate that such signals (with amplitudes of
∼100-500 ppm) are readily detectable in Kepler-quality
data, we superposed a sequence of positive forward-
scattering peaks of amplitude 300 ppm onto an actual Kepler
photometric data set (all 17 quarters) for a 15th magnitude
star (KIC 11018648; KOI 759; Kepler 230). The results of the
Fourier transform are shown in Figure 7. This system also
happens to have two planets in 32.6- and 91.8-day orbits.
The signal from the 32.6-day planet (Kepler 230b) shows up
with ∼100 closely packed harmonics in the region with fre-
quencies . 3 cycles/day. Kepler 230c with Porb = 91.8 days
and a transit depth of 713 ppm is too low in frequency to
appear in the FT in an obvious way. By contrast, the simu-
lated added short-period planet with Porb = 2/3 days with
its forward scattering peaks is readily detectable.
The base frequency of 1.5 cycles/day is immediately ev-
ident, as are its next three higher harmonics. The FT am-
plitudes fall off roughly linearly with harmonic number for
this particular example. Narrower forward-scattering peaks
produce more higher harmonics, and vice versa.
Based on the three known dusty-tailed planets, and
the fact that high equilibrium temperatures are expected
at short orbital periods (more conducive to the release of
dust), we expect that most of the dusty-tailed planets yet
to be discovered will be found with Porb . 1 day. For such
short-period systems, we have found that a simple Fourier
analysis is just as effective a search tool as is the BLS algo-
rithm (see Sanchis-Ojeda et al. 2014; and references therein),
and is much faster.
Figure 5. Illustrative sequence of forward-scattering peaks for
a non-transiting planet. The color coding of the curves indicates
different orbital inclination angles ranging from barely missing the
host star’s disk (tallest red peaks) to orbits that are more tilted
with respect to the observer’s line of sight (small blue peaks).
The assumed transit depth for all of these in transiting geometry
would be 3000 ppm. The tallest peaks in non-transiting geometry
(for i = 70◦) are 320 ppm.
Figure 6. Typical Fourier transform of a time series of forward
scattering peaks from a non-transiting planet. The falloff in am-
plitude with increasing frequency is more rapid than would be the
case for the corresponding dips of a transiting planet. However,
they fall off more slowly than the FT amplitudes from starspots
generally do. And, unlike in the case of starspots, the forward
scattering peaks in flux have a long-term precise underlying fre-
quency without phase drifts.
4 SEARCHING FOR FORWARD
SCATTERING SYSTEMS
A comprehensive search through the main-field Kepler data
set for ultrashort period planets (‘USP’s; exoplanets with or-
bital periods . 1 day) was carried out by Sanchis-Ojeda et
al. (2014) and yielded 106 such USP candidates. This is just
the orbital period range that would be of interest for study-
ing non-transiting exoplanets with dusty tails. The main dif-
ference in the proposed search would be to look for positive-
going bumps in the light curve as opposed to negative-going
transit dips. At the time of the Sanchis-Ojeda et al. (2014)
USP study, those carrying out the search were not aware
of the possibility of finding narrow, positive-going bumps
corresponding to non-transiting dusty-tailed planets. If the
search had found the type of folded light curve illustrated
MNRAS 000, 1–9 (2016)
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Figure 7. Fourier transform of simulated forward scattering
peaks superposed on an illustrative Kepler data set for a 15th
magnitude star (see text for details). The peaks in the time do-
main were spaced every 2/3 days, and they had an amplitude of
300 ppm. The base frequency of 1.5 cycles/day and its follow-
ing three harmonics are readily visible. The apparent excess (i.e.,
rising) background toward low frequencies is due to unresolved
peaks of a 32-day planet in the system (see text).
in Fig. 5, their significance would not have been recognized,
and they would have been discarded with the other false
positive targets.
In the future, a comprehensive search for positive go-
ing bumps in short period systems, through the entire main
Kepler field, the complete K2 data set (Howell et al. 2014),
and the upcoming TESS data (Ricker et al. 2014) should
be carried out. The criteria for a computer algorithm to
search for forward scattering events would include: (1) A sin-
gle positive-going symmetric peak in the folded light curve.
(2) The full width at half maximum of this peak should
be .20% of Porb. (3) There should be no other significant
peaks or minima in the folded light curve. (4) The ampli-
tude of the peak should be . 1000 ppm in order to be plau-
sibly ascribable to forward scattering. (5) An orbital period
of . 1 day is expected. (6) For Kepler main field targets,
the candidate dusty-tailed planet would also have to pass
many of the same tests used to vet the regular planet candi-
dates; e.g., light-centroid test, odd-even transit depth test,
etc. (see, e.g., Sanchis-Ojeda et al. 2014).
There are two caveats worth mentioning about these
selection criteria. First, if the dust tail is long, i.e., compa-
rable to the size of the host star, then the dust scattering
profile may violate the symmetry requirement. Second, the
requirement that the peaks should be narrow, rather than
sinusoidal in shape, depends on the assumption about the
characteristic sizes of the scattering dust particles. In partic-
ular, if the particles are small, leading to broader scattering
profiles, then the intensity of the forward scattering peak can
be diminished to the point where it cannot be detected. Fur-
thermore, such signals would tend to show up mainly at the
base frequency in Fourier transforms. Since there are many
stellar phenomena whose signature matches a low-amplitude
sinusoid, it would be difficult to distinguish a dust emitting
planet from various false alarms.
We are currently engaged in systematically searching
through the entire K1 data set for such non-transiting ex-
oplanets with dust tails. However, this search will not be
completed for some time now and, in any case, is beyond
the scope of the present work. We will report on the results
of our search elsewhere.
5 SUMMARY AND CONCLUSIONS
In this work we have proposed a novel approach to detecting
non-transiting dust emitting planets via their positive-going
forward-scattering peaks. We have calculated in detail, par-
tially analytically, what these scattering peaks should look
like. Scaled to the few transiting planets we know of with
dusty tails, it appears quite realistic that the amplitudes
of the scattering peaks could be in the range 50-500 ppm.
Furthermore, because these can be detected to orbital in-
clination angles of & 45◦, we might potentially be able to
detect about an equal number of non-transiting as transiting
dusty planets via this method.
The main message for researchers searching for planets
is to look carefully at objects that have only positive-going
signals with periods of . 1 day before discarding them as
false positives. Both K2 and the upcoming TESS mission
should be quite sensitive to the detection of such short period
planets.
Detection of non-transiting dusty-tailed planets would
provide important clues about the dust size. If the particles
are too large, then the required scattering angles of & 90◦−i
will not be attained. Conversely, if the dust particles are too
small, then the scattered radiation will be dispersed over too
wide a range of angles (e.g., & 60◦), and the forward scatter-
ing peaks will be both reduced in amplitude and their FT’s
will not contain sufficient harmonics to allow them to be
distinguished from other astrophysical phenomena. Putting
these requirements together with the simple expression for
characteristic scattering angles in Eqn. (2), we find a basic
requirement for the grain size of:
1
3
µm . a . 20
◦
90◦ − i ∼
2
3
µm (8)
For a distribution of grain sizes, the distribution would have
to include a substantial fraction of grains in this range.
Thus far, detected dusty-tailed planets are rare. There-
fore, even the prospects for roughly doubling this sample
seems quite attractive.
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APPENDIX A: CALCULATION OF THE
EFFECTIVE PHASE FUNCTION
A1 Geometry
The geometry of the scattering problem is defined in Fig-
ure A1. The zˆ axis is defined by the line that connects the
center of the host star to the scattering dust cloud, the lat-
ter of which is assumed to be small in size compared to the
star. A photon leaving the star and heading for the scatter-
ing cloud makes an angle γ with respect to the zˆ axis. The
scattered photon is assumed to lie in the xˆ − zˆ plane with-
out loss of generality because of the cylindrical symmetry
of the problem. The photon heading toward the scattering
cloud is not assumed to lie in that plane. The goal is to find
the ‘effective phase function’, P(Θ), of the integrated out-
going scattered radiation pattern as a function of the angle
Θ, which is symmetric with respect to the zˆ direction.
The specific intensity at the stellar surface, Iν(Φ), is the
power radiated per frequency interval at ν per square cen-
timeter of surface area, per unit solid angle at angle Φ with
respect to the normal (defined by nˆ). We drop the subscript
ν for simplicity. The power emitted through a surface area
of the star, ∆As, going into a solid angle ∆Ω at an angle to
the normal, Φ, is ∆P = I(Φ) ∆As ∆Ω cos Φ.
Consider a small spherical scattering cloud at dis-
tance d with projected area Ac as seen from far away.
The radius of the star is Rs. The observer is at a far
distance D, and is using a detector of area Ad. The star
has luminosity Ls which is given by I(0)Ipi(4piR2s) where
I ≡ 2 ∫ pi/2
0
[I(Φ)/I(0)] sin Φ cos ΦdΦ, and where in turn,
I(Φ)/I(0) is the limb-darkening function for the star. I is
defined so that for a Lambertian emitter this constant is 1.
We can then write the full flux of the star at the Earth as
F0 = Ls/(4piD
2) = piI(0)IR2s/D2.
A2 Scattering Out of the Beam
The power deficit due to a transit in a detector at the Earth
from an area ∆As near mid-transit is
δPso = I(0) I∆As Ad
D2
(
1− e−τ) = I(0) I Ac Ad
D2
(
1− e−τ)
(A1)
where the last term is the fraction of the photons that leave
the beam by scattering at least once, and τ is an appropriate
area-averaged optical extinction thickness of the cloud. The
ratio Ad/D
2 is the solid angle of an Earth-based detector
as seen by an element on the surface of the star, and the
relevant area of the star which will contribute to the transit
is ∆As ≡ Ac (the projected area of the cloud). To determine
the fraction of the flux at the Earth which has been removed
due to the transit, we divide by the area of the detector, Ad,
and normalize this to the total flux of the star.
δFso
F0
=
I(0) I
F0
Ac
D2
(
1− e−τ) = Ac
piR2s
(
1− e−τ) (A2)
A3 Scattering Into the Beam
Consider a small surface area on the star that is radiating
into the dust scattering cloud. This radiation is characterized
by an angle Φ with respect to the local normal, nˆ. The power
into the cloud from that patch of surface area is:
δPsi = I(Φ) ∆As cos Φ dΩc = I(Φ) ∆As cos Φ
Ac
r2
(A3)
where dΩc is the solid angle of the scattering cloud as seen
from that patch of the star’s surface, and r is the distance
from the stellar patch to the scattering cloud. By the recipro-
cal nature of the specific intensity, we can also compute the
power received by the cloud using the solid angle as viewed
from the scattering cloud, dΩ′, and the projected area of
the scattering cloud, as seen by a photon coming in from
the star: I(Φ)Ac dΩ
′. Conveniently, the scattering cloud is
taken to be a sphere, so the projected cloud area is always
Ac, regardless of the incident angle. Therefore, the power
scattered in the dust cloud and then into a detector on the
Earth can be written as:
δPsi = I(Φ)Ac dΩ
′$τe−τ P (θ)
Ad
D2
(A4)
where Ad and D have the same meaning as above, and $ is
the single scattering albedo (the ratio of the scattering to the
extinction cross section; see e.g., Liou 2002). For the present
calculations we set $ = 1. P (θ) is defined as the probability
per unit solid angle of dust scattering by an angle θ, and is
normalized to unity. The factor $ τ exp−τ is the probability
of the radiation scattering just once in the dust cloud.
In order to integrate the contribution from the entire
facing hemisphere of the star we define a number of different
angles in Fig. A1: γ is the angle between a photon moving
toward the scattering cloud and zˆ; β is the azimuthal an-
gle around the line defined by zˆ; θ is the scattering angle
for light leaving the star, scattering, and then going toward
the Earth; Θ is the angle between the final scattered direc-
tion and zˆ; and Φ is the angle between the local normal
to the stellar surface, nˆ, and the direction to the scattering
cloud. The xˆ direction is chosen such that the final scattered
photon travels in the xˆ− zˆ plane. Since the final scattering
around the line joining the star and dust cloud must be ax-
isymmetric, there is no loss in generality by choosing the
final scattering plane in this way. Finally, yˆ is the remaining
orthogonal direction. A point on the star with β = 0 lies in
the xˆ − zˆ plane, while a point at β = 90◦ lies in the yˆ − zˆ
plane.
MNRAS 000, 1–9 (2016)
8 DeVore et al.
Figure A1. Scattering geometry used in this work. The star is shown on the left and a small spherical dust scattering cloud is on the
right (purple). A photon (dotted red line) leaves a small emitting region (red patch) on the star, travels to the scattering cloud, and
scatters through an angle θ. Because of the cylindrical symmetry of the problem, we rotate the xˆ axis around the zˆ axis until the scattered
photon lies in the xˆ− zˆ plane. The angle that the scattered photon makes with the zˆ axis is Θ. The angle between the direction of the
photon from the star to the scattering sphere and the zˆ direction is γ. nˆ marks the normal to the surface area of the emitting patch.
Finally, β is the angle around a small circle whose pole is the zˆ direction.
We now define two important unit vectors. The vector
describing the final direction of the scattered photon is:
Vˆs = sin Θ xˆ+ cos Θ zˆ (A5)
The unit vector of a photon traveling from the stellar surface
to the scattering cloud is:
Vˆp = − sin γ cosβ xˆ− sin γ sinβ yˆ + cos γ zˆ (A6)
Now the actual scattering angle θ can be defined in terms of
Θ (i.e., with respect to the line joining the star and cloud)
in terms of:
cos θ = Vˆp · Vˆs = − sin γ cosβ sin Θ + cos γ cos Θ (A7)
We can now integrate Eqn. (A4) over the facing hemi-
sphere of the star, by taking the solid angle, dΩ′ =
sin γ dγ dβ. This leads to the total power scattered into the
distant detector:
∆Psi =
AdAc
D2
$τe−τ
∫ 2pi
0
∫ γs
0
I(Φ) sin γ P (θ) dγ dβ (A8)
where γs = sin
−1(Rs/d).
The flux scattered into the detector is given by the
power ∆Psi divided by Ad. If we form this ratio and then
divide by F0 to find:
δFsi
F0
' Ac
piR2s
$τe−τ
∫ 2pi
0
∫ γ∗
0
I ′(Φ) sin γ P (θ) dγ dβ (A9)
where I ′(Φ) is the specific intensity of the star normalized
to the quantity I I(0).
A4 Ratio of Scattering Into the Beam
vs. Scattering Out of the Beam
Let us now divide equation (A9) by equation (A2) to find
the ratio of the scattering amplitude compared to the transit
depth (as would be seen by a distant observer in the orbital
plane):
Scattering Amplitude
Transit Depth
'
$τe−τ
(1− e−τ )
∫ 2pi
0
∫ γs
0
I ′(Φ) sin γ P [θ(γ, β; Θ)] dγ dβ
(A10)
where, to recap, the relations between γ and Φ, and between
θ and Θ, are:
sin Φ =
d
Rs
sin γ =
sin γ
sin γs
cos θ = − sin γ cosβ sin Θ + cos γ cos Θ
We can write I ′(Φ) in terms of a generalized polynomial
limb-darkening function for the star:
I ′(Φ) = 1−
∑
αn
(
1−
√
1− sin2 γ/ sin2 γs
)n
(A11)
Finally, we write the ratio of scattering into vs. scatter-
ing out of the beam as:
Scattering Amplitude
Transit Depth
' pi
(
Rs
d
)2
$τe−τ
(1− e−τ ) P(Θ) (A12)
where the effective phase function P(Θ) is given by:
P(Θ) =
∫ 2pi
0
∫ γs
0
I ′(Φ) sin γ P [θ(γ, β; Θ)] dγ dβ
pi sin2 γs
(A13)
In the limit of a small star and/or a large cloud-star sepa-
ration, P(Θ)→ P (θ).
The dependence of the ratio of scattering into vs. out
of the beam on the separation of the cloud and star now
appears explicitly by the leading factor (Rs/d)
2, and is not
involved in the effective phase function (see Eqn. A13).
A5 Results for Effective Phase Functions
Equation (A13) is the integral that we used to generate the
effective phase functions in this paper. We show four illus-
trative sets of such curves in Fig. A2 for the minerals corun-
dum, enstatite, forsterite, and iron. The curves are for 18
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Figure A2. Effective phase functions calculated according to Eqn. A13 based on particle phase functions calculated using Mie scattering
theory. The particle radii are shown in the legend, while the indices of refraction for the four minerals are shown in the panel insets, where
n and k are the real component imaginary components. Note the modest variability in the peak heights and the angular distributions of
the effective phase functions for a given radius depending primarily upon the imaginary component of the index of refraction k.
different particle sizes ranging from 0.2 to 10 µm in loga-
rithmic steps. The “observing” wavelength is fixed at 0.55
µm. The illustrative quadratic limb darkening coefficients
used in Eqn. (A11) are a1 = 0.467 and a2 = 0.277. All of
the particle phase functions, P (θ), were computed from the
Bohren & Huffman (1993) Mie scattering code.
The differences among the various sets of curves for a
given radius result largely from the values of k, the imagi-
nary part of the index of refraction (leading to absorption),
among the different minerals. This leads to two effects that
are mineral specific. In the first, the peak values of the effec-
tive phase functions (i.e., at Θ = 0) vary by ∼ ±25%. Sec-
ond, the ordering of the curve amplitudes with particle size is
not strictly monotonic due to the details of the Mie scatter-
ing for particles with a ∼ 2piλ. The overall trend, however,
is quite clear where smaller particles produce broad scatter-
ing patterns, while large particles yield an effective phase
function that traces out the angular profile of the host star.
To illustrate the general trend of these curves with par-
ticle size, without the irregular progressions seen for some
of the minerals, we used the same Eqn. (A13) to generate
Fig. 3 in the main body of the text, but there we substituted
simple Airy functions for the more complex Mie scattering
patterns. In the absence of knowing the detailed grain ma-
terial in the putative dust tails, or their size distribution, it
is easier to consider these illustrative effective phase func-
tions without the complications that are specific to different
minerals.
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